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Abstract. Emission of ballistic acoustic phonons by quantum edge states of one spatial 
quanliwtion subband has bem studied in a two-dimensional electron gas formed at the 
G3AslAIGO.s heteroface. The phonon emission due to the deformation and piezoelectric 
inlemtions are considered. An analytic expression for the emission intensity distribution in 
phonon momenta has bezn derived. Detailed analysis of the intensity distribution is made in 
low- and high-temperature regimes. Different positions of the Fermi level are considered. It 
IS shown t h t  at IOW temperatures the phonon emission is predominantly concentrated within a 
"mow cone amund the direction of the edge state propagation, while at high temperatures it is 
around the magnetic field nonnal to the electron plane. The emission intensity decreases when 
the Fermi level f d s .  This diminution is exponential x low temperatures. 

1. Introduction 

To explain the quantum Hall effect (QHE) in a two-dimensional electron gas (2DEG), since 
shortly after its discovery [l], the concept of quantum edge states has been advanced [ 2 4 ] .  
In this description the Hall conductance is determined by the number of equally populated 
edge states at Fermi level EF. When the 2DEG is subjected to a quantizing magnetic field, 
due to confining potential, bulk Landau levels are bent up near boundaries of the sample and 
intersect the E F ,  giving rise to one-dimensional transport channels. Using non-ideal probes, 
electrons can be selectively injected into different edge channels [5]. Recent experiments 
showed that such lack of equilibration between edge states is maintained for rather long 
macroscopic distances [6. 71 and the inter-edge-state scattering strongly depends on the 
channel index [SI. As a result a significant deviation from the normal QHE is to be observed 
(see PI). 

In such a situation to fully understand some aspects of the QHE it becomes important 
to study inter-edge-state scattering processes. Scattering by phonons already has been 
discussed in several theoretical works in different circumstances [10-15]. They all have 
studied the inter-edge relaxation, while it is we11 known that in some cases the emission 
and absorption of ballistic phonons by the ZDEG are more powerful tools to investigate the 
electron-phonon interaction [ 161. Up to now such theoretical investigations under quantizing 
magnetic fields were limited only to considerations of bulk Landau states [17-20]. The 
QHE breakdown due to phonon-assisted transitions was studied and the steady state power 
absorption was calculated for a GaAs heterojunction [ 171. The phonon emission spectrum of 
the heated ZDEG in a Si inversion layer was studied [IS]. The role of the phonon reflection 
was investigated from both the Si/SiOz interface [I91 and the GaAs/AIGaAs heteroface 
[201. 
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Equally Yh'ith the bulk Landau states, the quantum edge states also give a contribution 
to the emission and absorption of ballistic phonons by the ZDEG. In a recent experiment 
the absorption of non-equilibrium phonon pulses has been already used to investigate a 
backscattering of electrons between edge states on opposite sides of the sample [21].  
Possibly, the absorption of ballistic phonons by edge states plays a definite role in the 
phonon drag effect in the QHE regime [22] .  

In this paper we have developed a theory of the ballistic phonon emission by quantum 
edge states. In the next section an analytic expression for the acoustic energy flux is derived. 
Different ranges of electron temperature T, and different positions of the Fermi level E F  are 
considered in section 3. In section 4 the emission due to the piezoelectric interaction is 
discussed. Numerical estimates are made in the last section. 

2. Phonon emission: deformation potential 

The spectral density of the acoustic energy flux at a point TO and at a frequency w is given 
by 

(1) 

where oahg and U. are the stress tensor and phonon field operators in the Heisenberg 
representation (a, = 1. 2. 3). (. . .), is the Fourier transform of the correlator of the U 

and U operators. To obtain Wa it is necessary to calculate the correlator of the phonon field 
operators K = ~ ( T .  T I )  = (u;(r)up(r')),,,. When the ZDEG is embedded in an elastic medium 
and the phonon displacement is caused by the deformation electron-phonon interaction then 
the correlator Kep is represented in the following form [20]: 

in which 

&(r, r'lw) = aAGap(r. r'lw). (3) 
Here is the deformation potential constant, f is the Fermi factor and G means the Green 
function of the elasticity theory. The initial (final) energy and wave function of electrons 
are & i ( ~  and Yi(0. The ZDUj is subjected to a quantizing magnetic field normal to the plane 
of electrons, Bllr so that 

Here q ( k )  and ~ j k  are the energy and wave function of the quantum edge state specified 
by the Landau index 1 and momentum k (figure 1). The energy and wave function of the 
spatial quantization of the ZDEG are E,  and $rn. We shall assume that all electrons occupy 
a single level n and the electron transitions take place between edge states with different 
I and k. Usually the 2DEG is located near interfaces separating different elastic materials. 
However, if we do not treat the reflection of phonons from these interfaces and use for G 
the Green function of the bulk elastic medium, we may find for the kemel of the correlator 
(2) 
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where p is the mass density of the elastic medium, s and 9 = nw/s  are the velocity and 
momentum of LA phonons. From the experimental situation it follows that the energy flux 
emitted from the ZDEG, located near one side of the sample, is detected in an infinitely 
distant point on the other side of the sample. Therefore, in obtaining the kernel (5) we have 
assumed TO = RCO; R is a unit vector towards the detector. Substituting equation (5 )  into 
equation (2) we obtain the acoustic energy flux density in a frequency range dw emitted 
from a unit length (towards 2) of the ZDEG into a solid angle do around the direction of n 

&,,4 

W f i 4 9 )  = 8ir”ps5&l, f ( s ( k o ) ) ( l  - ~ ( E I , &  + qz)))IQu,(qx. qr)l21~cdqi)l2 

where the form factors in directions y and z are 

(6) 

Q r I h  qr) = dy x,b,(y)e-iy’Yxf,q,+y,(y) (7) s 
and 

M q z )  = / d i  lWz)lze-iqzz (8) 

In equation (6) Suip = lu , (b)  - u , , ( b  +q,)l, u ~ ( k )  is the group velocity of the edge state I 
with the momentum k ,  ko = ko(9)  is determined from the energy and momentum (in the x 
direction) conservation laws, i.e. from the following equation: 

Actually, despite the lack of momentum conservation in y and z directions, the phonon 
momentum p uniquely determines the initial 1 ,  b(9)  and final 1’. b(q) + qx edge states in 
a phonon emission. Thus equation (6) gives the distribution of the emission intensity in 
phonon momenta. 

3. Low- and high-temperature regimes 

In this section we will discuss the situation in low- and high-temperature regimes in which 
the emission is qualitatively different. From equation (9) one may see that for a given k ,  
qx cannot be less than some value Sk,p(k) determined from equation (9) at qy = q2 = 0. 
Hence, only phonons with frequencies w > s Sk,,,(k) can be emitted from the edge state 
I ,  k .  On the other hand, the effectiveness of each emission act depends on the position 
of the Fermi level and electron temperature. Due to the deficit of the hot electrons with 
energies above &,(RI)  = E F + S  S k , p ( k ~ )  and deficit of the free final states with energies below 
el,(kz + sSk,p(kz))  = EF - s Gk,l,(kz). the emission acts from states I ,  k with k between kl 
and kz are comparatively more efficient. The energy spectrum of the edge states is arranged 
so that for a fixed energy level we always have ut > IJI, if I -= 1‘. Therefore Gkrp(k) achieves 
its minimum 6k,p = 8k,p(kl)  at the upper edge of the interval (k l ,  kz) (figure I(a)). Thus 
from the Fermi factors and form factors (7). (8) we have the following obvious restrictions 
on the emission processes: 

lqx -&,!I 6 TJs lqyl 6 minb;’, Wsl 1qA 6 min(d-l, %/SI (10) 

where as is the magnetic length, d is the characteristic length of electron motion in the x 
direction. (As long as the electron transitions take place between edge states of one spatial 
quantization, d is the minimum length scale of the problem.) Here qx is not a free parameter 
but it should firstly satisfy the momentum conservation in the I direction. 
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Figure 1. A schematic diagram of the edge state energy spectrum. (a) Tramitions 0 + I and 
1 + 0 xe shown. At low temperatures. Stater dose to the state Okt are imponant. (b) If the 
Fermi level is close to the bulk Landau level transitions 0 -+ I xe possible involving states 
above the lhreshold L. At high temperatures smes disposed at a separation of T, above and 
below EF are important. 

At low temperatures Te << sS& we have qx sz &p,  qz - TJs. If the confining 
potential is not smooth, - aB >> TJs, so that q,. - TJs and qx >> qr. In the case 
of the smooth potential S& >> a;' so that T,/s and a;' may be of the same order of 
magnitude. But in  any case, the relation qx >> qy remains true. Thus at low temperatures 
qx >> qT,  qr, i.e. phonons are mainly emitted in the x direction. Therefore one may substitulc 
qr = qr = 0 and qx = 8kl1, into the prefactor of (6) and form factors (7), (8). Taking into 
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account that Inn(0) = 1, one may find for the acoustic energy flux distribution space 

- 
where 6Vlp = Buip at k = kl and qx = Skip. In the case of the non-smooth potential we 
have only one length scale ae in the ( x ,  y) plane and so Q1p - 1 if qy - a;'. In the case 
of the smooth potential Qrp may be calculated explicitly [13] 

(12) 
Now one may see that at low temperatures electrons in edge states emit almost mono- 
chromatic acoustic phonons with frequencies w xz sGktp. The emission is predominantly 
concentrated within a narrow cone around the edge state propagation. The emission intensity 
exponentially drops out of the cone. For the non-smooth potential, the emission cone is 
isotropic in the (y. z )  plane and the cone angle is determined by a, while in the 
case of the smooth potential by max{a;', -1 in the y direction and by - 
in the z direction. A momentum spread in the z direction is Aqx 5 qx - 6k1p - TJs. 
It should be noted that only some of the states from the interval between kl and kz give 
an essential contribution to the phonon emission processes. When k varies in this interval, 
GkIp(k) is changed by S d p  s S V ~ l ~ / u ~ v p  which is much less than Sdi,, even if 6Vlp - UI, ut,. 
However, only states 1 ,  k for which sSklr(k)sSV~~./vlur - T, are effective in the emission 
processes. Because of the velocity asymmetry v! =- U/, if 1 < It, the number of these 
states decreases when the Fermi level falls. Simultaneously S& increases which leads to 
the suppression of the phonon emission (cf. [SI). If the Fermi level is very close to the 
bulk Landau level (figure l(b)), up - s and 6vl/, - U! so that sSk,/ ,(k) is changed by 
s 6 & s S C I r , ~ / u ~ u ~ ~  - sS& >> Te in the interval ( k , ,  kz ) .  Therefore the main contribution 
to the phonon emission comes from the single edge state 1 ,  kc where k,  is defined from 
vc.(k,) + Sk,l,(kc) = s. The emission processes from states lying below k, are forbidden by 
conservation laws, while those from states above k, are forbidden due to the strong deficit 
of the hot electrons. Such a critical point k,  exists only for transitions 1 --t 1' with 1 < 1'. In 
the case of 1 > 1' there is no critical point in the edge state spectrum and a smooth transition 
is possible to the case of the phonon emission from the bulk Landau levels [ZO]. Because 
S& for 1 > 1' is always more than for 1 c 1'. there is an asymmetry between emission 
processes 1 -+ 1' and 1' --L 1. This asymmetry depends on the Fermi level position and 
is pronounced when the Fermi level is close to the bulk Landau level: W,,,. >> Wp-l if 
1 > i'. 

At high temperatures T, >> s 6dlp the states which are more efficient in the emission 
processes are disposed above and below the Fermi level at separation of the order of 
T,. Therefore it is clear that qx - S&r. and q ,  - a;' are determined, respectively, 
only by the momentum conservation and by the magnetic length according to equation 
(IO). Correlation between qx and qp is determined by the shape of the confining potential 
just as at the low temperatures. In the z direction we have qr - min{d-', Te/ s )  so 
that the relation q2 >> qx,qv holds for any d and Te as well as for any shape of the 
confining potential. Thus in contrast to the low-temperature regime, at high temperatures 
the phonon emission is concentrated within a narrow cone around the magnetic field 
normal to the zDEG plane. Using the variation wave function for the lowest subband 
n = 0 we have lIwlz = [ I  + (q,d)2]-3. Taking into account that in this regime 
f(&l(ko))(l - f ( q ( k O  + qJ))) - exp{-sq,/Te] we obtain for the emission intensity 

Qi,(qx, 0) = (2'+"1!1'!)-'(q,~,)~+~' exp(-(q,a~)~/2).  

- 
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By comparing equations (11) and (13) one may see that at low temperatures the phonon 
emission is exponentially suppressed. At high temperatures electrons emit phonons with 
frequencies w - Te and the emission is much more intense than at low temperatures when 
w - s6kfif  >> T,. In the high-temperature regime the phonon emission is not so sensitive 
to the Fermi level position. 

4. Phonon emission: piezoelectric potential 

Up to now we have considered only the deformation electron-phonon interaction. Direct 
calculation shows that to find the phonon emission intensity due to the piezoelectric coupling 
the following replacement should be made [23] in equation (6): S2(w2/s2) + (e@)’ where @ 
is the piezoelectric modulus of the crystal averaged over directions of a phonon’s propagation 
and its polarizations. Therefore, taking the values of E and @ from [U], for GaAs we find 

At low temperatures w - s &,. Therefore for the non-smooth confining potential 

and DA interaction is suppressed with respect to PA interaction for not so high magnetic 
fields. In the case of the smooth potential 

and because S&as >> I ,  even at E - I T, the DA and PA interaction give roughly the 
same contribution to the phonon emission. 

At high temperatures we have w - Te so that 

1 

(17) 

i.e. at actual temperatures Te - I O  K, contributions of the DA and PA interaction are 
approximately of the same order of magnitude. 

To compare the contributions of edge and bulk Landau states to the phonon emission 
from the ZDEG one has to average equation (6) in ko and to make a substitution r6(. . .) + r 
in equation (8) of [20] where r determines the Landau level broadeningt. In this way, in the 
high-temperature regime one may obtain for magnetic fields 08 - T, (08 is the cyclotron 
energy) and for 613jp - U,, up, even in heterojunctions of such high quality with mobility 
fl = los cm2 V-’ s-’, the contribution of the edge states to the cooling of the ZDEG at least 
is not less than the contribution of the bulk Landau states. In the regime of low temperatures. 
because wg >> s &* >> Te. the phonon emission is only due to inter-edge-state transitions 
while the emission is practically absent at electron transitions between bulk Landau states. 

t The substitution r S(. , .) -+ I m d r  in [ZO] is inconecl. This changes only absolute values of the emission 
iutensilies of LA, TA and SA phonons while conclusions reached in I201 h u t  lhe heteroface effecl on the phonon 
emission remain me. 
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5. Numerical estimates 

Finally we estimate the acoustic energy flux emitted by edge states for the case of the 
non-smooth confining potential. In the low-temperature regime . the emission goes mainly 
via piezoelectric coupling. At the peak of the emission qx = Gkjp and 4,. = qz = 0. the 
emission intensity may be represented in the form 

where the nominal time of the interaction is defined as 

and p B  = a;' = muB is the magnetic momentum. For the GaAs we have ms = 
3.1 x J s m-' and at B = 2 T, CPA = 36.4 ps. Taking 61710 = U B  and S i l o  = p~ we 
have s &  = 2.2 K for B = 2 T so that at Te = 0.5 K we obtain WP-2, = 3.1 x IO-'' 
W s m-I. For the emission cone angle we find 9 = tan-' qx/m = 25". 

At high temperatures W E l ,  and WE,, may be represented in the forms 

where the nominal time of the interaction is defined as 

I s2p; -=- 
SDA 2 r h p s 2  

and 

Here x = sq,/T, and q = T,/(sjd). The emission peaks are defined from conditions 
that the last factor in equations (20) and (22) should be maximum. For the GaAs/AIGaAs 
heterojunction d = 3 nm, s = 5 x IO3  m s-' and so hs/d = 13 K. Taking T = 10 K 
we obtain that the emission peaks for D A  and PA interaction are determined. respectively, 
from x = 1.21 and x = 0.85. This means that at the emission peak, frequencies of phonons 
emitted due to the deformation coupling are approximately 1.4 times larger than frequencies 
of phonons emitted due to the piezoelectric coupling. At B = 2 T we have ~ D A  = 382 ps 
so that taking again 6fil0 = uB we obtain Wp', = 1.03 x W s m-l and W r t ,  = 

0.53 x W s m-'. For the emission cone angle we find B = tan-' qZ/J4:f4," = IO" 
(for DA) and B = 14" (for PA). 

It should be observed that in the smooth confining potential the phonon emission is 
suppressed exponenlially. At low temperatures suppression takes place for two reasons: 
firstly, because of the threshold nature of the emission, electrons are forced to emit phonons 
with larger frequencies o - s6/;rp >> spB and secondly, because of the exponential 
smallness of the overlap integral Q / p ,  while at high temperatures suppression takes place 
only for the last reason. 
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